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In this paper, we introduce a new invariant set
Ω = {u(x, t) ∈ C∞ ∣∣ DxH(x,u) = 0} (Hu = 0),
where H is a smooth function of x and u to be determined. The invariant sets and
exact solutions to nonlinear diffusion equation ut = (A(u)ux)x + Q (x,u)ux + P (x,u), are
discussed. The forms of A(u), Q (x,u) and P (x,u) which leads to invariant solutions are
determined. It is shown that there exist several classes of solutions to the equation that
belong to the invariant set Ω . Another new invariant set is described, it is used to some
nonlinear evolution equations.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, we are concerned with the invariant sets and exact solutions to the following (1+1)-dimensional nonlinear
diffusion equations with x-dependent convection and source terms
ut =
(
A(u)ux
)
x + Q (x,u)ux + P (x,u), (1)
where A(u) is the given diffusion coeﬃcient, Q (x,u) and P (x,u) are respectively the convection and source terms. They
are smooth functions of the indicated variables. These type of equations arise in several important physical applications
including engineering [1], physics [2], the theory of chemical reactions [3] and biology [4], etc. In the case that Q (x,u) and
P (x,u) depend on x, such equations also have important physical applications (see [5] and references therein), but there
are fewer works on Eq. (1).
In the case that Q (x,u) and P (x,u) are independent of x, a number of methods relating to symmetry groups have
been developed successfully to ﬁnd exact solutions and symmetry reductions of various special forms of (1). These include
the classical symmetry group method [6–8], the nonclassical symmetry group method [9–14], the generalized conditional
symmetry approach [15–18], the direct method [19–21], the differential constraint method [22,23], the sign-invariant and
invariant subspace approach [24–27], etc. Many interesting exact solutions of nonlinear evolution equations have been
obtained by these methods.
In [27], the authors performed a full and complete classiﬁcation of sign-invariants for quasilinear parabolic equations
with gradient diffusivity.
In [28], group classiﬁcation of nonlinear diffusion–convection equations was investigated. Classical symmetry analysis of
nonlinear diffusion–convection equations was carried out in [29].
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tries were systematically determined by considering an integrated equation, obtained using the general integral vari-
able.
In [31,32], Galaktionov proposed a “nonlinear” extension to the ordinary scaling group, which is described by the invari-
ance of the set S0 = {u: ux = x−1F (u)}. In [33], Qu and Estévez proposed a “nonlinear” extension to the ordinary rotation
group, which is described by the invariant set R0 = {u: ux = xF (u)}, moreover, they introduced a new “nonlinear” exten-
sion to the scaling group, which is characterized by the invariance of the set S˜0 = {u: ux = x−1F (u) + εF (u)e(n−1)
∫ u
0
1
F (z) dz},
where ε = 0 and n = 1 are two arbitrary constants, if ε = 0, it is reduced to S0 introduced in [31,32]. Finally, they proposed
an extension to both S0 and R0, which is characterized by the invariant set E0 = {u: ux = f (x)F (u)}, where f ′ = af 2 + b,
a and b are two constants. This approach has been used to construct exact solutions to equations of the form (1).
Similarly, for (1+ 1)-dimensional nonlinear evolution equations, we can introduce the invariant set
Ω = {u(x, t) ∈ C∞ ∣∣ DxH(x,u) = 0} (Hu = 0), (2)
where Dx = ∂x + ux∂u denotes the total derivative with respect to x, and H(x,u) is a smooth function to be determined
from the invariant condition
u(x,0) ∈ Ω ⇒ u(x, t) ∈ Ω, t ∈ (0,1].
For u ∈ Ω , the integration to the equation DxH(x,u) = 0 with respect to x yields
H(x,u) = f (t), (3)
where f (t) is to be determined. It follows from (3) that
ut = 1
Hu(x,u)
f ′(t). (4)
In the invariant set S˜0, the corresponding exact solution is given by
e(1−n)
∫ u 1
F (z) dz = εn−1(1− n)x+ x1−nT (t) (n = 0),
e
∫ u 1
F (z) dz = εx ln |x| + xT (t) (n = 0), (5)
where T (t) to be determined.
Moreover, we introduce another invariant set
Ξ = {u(x, t) ∈ C∞ ∣∣ uxx = K (x,u)}, (6)
where K (x,u) is a smooth function to be determined from the invariant condition
u(x,0) ∈ Ξ ⇒ u(x, t) ∈ Ξ, t ∈ (0,1].
It is easy to see that (5) can be regarded as a special case of (3). Let H(x,u) = x−1e
∫ u 1
F (z) dz − ε ln |x| if n = 0, let
H(x,u) = xn−1e(1−n)
∫ u 1
F (z) dz − ε(1 − n)n−1xn if n = 0, then (3) becomes (5). So the invariant set S˜0 introduced in [33] can
be regarded as a special case of Ω . Moreover, the set E0 introduced in [33] is also a special case of Ω .
This paper deals, to some extend, with group classiﬁcation of Eq. (1). That is determinations of forms of A(u), Q (x,u)
and P (x,u) which leads to invariant solutions. The outline of this paper is as follows. In Section 2 we describe the invariant
set Ω , and apply it to construct exact solutions to nonlinear diffusion equation (1). In Section 3 we introduce new second-
order invariant set Ξ , and apply it to construct exact solutions to nonlinear diffusion equation (1). Moreover, it is used to
construct exact solutions to some nonlinear evolution equations. Finally, we make some remarks on this work.
2. Invariance of Eq. (1) in the setΩ
In the set Ω , we have the following formulae:
ux = − Hx
Hu
,
uxx = −Hxx
Hu
+ 2HxHxu
H2u
− H
2
x Huu
H3u
. (7)
Suppose Eq. (1) is invariant with respect to the set Ω , and substituting (4) and (7) into Eq. (1), ﬁnally, we obtain
f ′(t) = −AHxx − Q Hx + P Hu + 2AHxHxu + AuH
2
x
H
− AH
2
x Huu
2
. (8)
u Hu
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Mx − Hx
Hu
Mu ≡ 0, (9)
where M(x,u) = −AHxx − Q Hx + P Hu + 2AHxHxu+Au H
2
x
Hu
− AH2x Huu
H2u
. That is
2AHxxHxu + 3AHxHxxu + 3AuHxHxx + H2x Q u + Q HxHxu − P HxHuu
Hu
− AuuH
3
x + 2AHxHxxHuu + 3AH2x Hxuu + 4AHxH2xu + 5AuH2x Hxu
H2u
+ 6AH
2
x HxuHuu + 2AuH3x Huu + AH3x Huuu
H3u
− 2AH
3
x H
2
uu
H4u
− AHxxx − HxQ x − Q Hxx − HxPu + PxHu + P Hxu ≡ 0. (10)
Considering that (10) is a PDE in terms of A, Q , P , H and their derivative, and it is diﬃcult to solve. In order to proceed
to our investigation conveniently, we only concern ourselves with the simple forms of H(x,u) so that the expression of the
solution to Eq. (1) can be given explicitly and the constraint condition to A(u), Q (x,u) and P (x,u) can be determined. Now
we pay attention to the following several special cases of H(x,u):
Case 1. Hxu(x,u) = 0.
In this case, we can deduce that
H(x,u) = p(u) or H(x,u) = p(u) + q(x),
where pu = 0 and q are arbitrary smooth functions.
If H(x,u) = p(u), that is Hx(x,u) = 0, (10) turns into Pxpu ≡ 0. So we get
Ppu = G
(
p(u)
)
, (11)
where G denotes an arbitrary smooth function.
From (11), we can see that A(u) and Q (x,u) are arbitrary smooth functions of the indicated variables, and P = G(p(u))pu
is independent of x. In this case, the exact solution of Eq. (1) is given by
p(u) = f (t),
where f (t) satisﬁes f ′(t) = G( f (t)). The solution is independent of spatial variable x.
If H(x,u) = p(u) + q(x), (10) turns into(
3AuHxx − P Huu
Hu
− 2AHxxHuu
H2u
)
Hx +
(
2AuHuu + AHuuu
H3u
− Auu
H2u
− 2AH
2
uu
H4u
)
H3x
+ Qu
Hu
H2x − AHxxx − HxQ x − Q Hxx − HxPu + PxHu ≡ 0. (12)
We have
−AHxx − Q Hx + P Hu +
(
Au
Hu
− AHuu
H2u
)
H2x = G
(
p(u) + q(x)),
or
−Aqxx − Q qx + Ppu +
(
Au
pu
− Apuu
p2u
)
q2x = G(p + q).
In this case, we obtain exact solutions of Eq. (1) given by
p(u) = f (t) − q(x),
where f (t) satisﬁes f ′(t) = G( f (t)).
Example 1. p = u2, q = −x2, A = u2, Q = x−1(u4 − u3 − u2) + x3, P = u2 − 2x2u − x2u−1. The exact solution of Eq. (1) is
given by
u2 = x2 − 1
2t + c .
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In this case, we can deduce that
H(x,u) = p(u)q(x),
where puq = 0 are arbitrary smooth functions.
In this case, (10) can be rewritten by(
5AHxx + HxQ + P Hu
H
+ 3AuHxx + HxQu − P Huu
Hu
− 2AHxxHuu
H2u
)
Hx
+
(
3AHuu
HH2u
+ 2AuHuu + AHuuu
H3u
− 4A
H2
− 5Au
HHu
− Auu
H2u
− 2AH
2
uu
H4u
)
H3x
− AHxxx − HxQ x − Q Hxx − HxPu + PxHu ≡ 0. (13)
We get
−AHxx − Q Hx + P Hu +
(
2A
H
+ Au
Hu
− AHuu
H2u
)
H2x = G
(
p(u)q(x)
)
,
or
−Apqxx − Q pqx + Ppuq +
(
2Ap + Au p
2
pu
− Ap
2puu
p2u
)
q2x
q
= G(pq).
The corresponding exact solution of Eq. (1) is given by
p(u) = f (t)
q(x)
,
where f (t) satisﬁes f ′(t) = G( f (t)).
Example 2. p = um , q = 1
x+x2 , A = u−3m−1, Q = x
3+x4
1+2x u
−mG( um
x+x2 ) − 2u
−3m−1
1+2x , P = xmu1−mG( u
m
x+x2 ) + 4(1+2x)
2
m(x+x2)2 u
−3m (m = 0).
The exact solution of Eq. (1) is given by
um = (x+ x2) f (t),
where f (t) satisﬁes f ′(t) = G( f (t)).
Case 3. H(x,u) = p(u)q(x) + r(x).
Let H(x,u) = p(u)q(x)+ r(x), where p, q and r are arbitrary smooth functions of the indicated arguments with constraint
puq = 0. In this case, the expression of M(x,u) can be rewritten by
M(x,u) = −Apqxx − Arxx − Q pqx − Q rx + Ppuq + 2A(pqx + rx)qx
q
+ (pqx + rx)
2Au
puq
− A(pqx + rx)
2puu
p2uq
.
It is easy to verify that
M(x,u) = G(p(u)q(x) + r(x)).
The exact solution of Eq. (1) is given by
p(u) = f (t) − r(x)
q(x)
,
where f (t) satisﬁes f ′(t) = G( f (t)).
Example 3. p = um , q = x−1, r = x2, A = um−1, P = 1m x(u + 6), Q = x
2
um−2x3 G(x
−1um + x2) − x2um
um−2x3 . The exact solution of
Eq. (1) is given by
um = f (t)x− x3,
where f (t) satisﬁes f ′(t) = G( f (t)).
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Let H(x,u) = p(u)+q(u)r(x), where p, q and r are arbitrary smooth functions of the indicated arguments with constraint
pu + qur = 0. In this case, the expression of M(x,u) can be rewritten by
M(x,u) = −Aqrxx − Q qrx + P (pu + qur) + 2Aqqu + Auq
2
pu + qur r
2
x −
Aq2(puu + quur)
(pu + qur)2 r
2
x .
We also ﬁnd out that
M(x,u) = G(p(u) + q(u)r(x)).
In this case, the corresponding exact solution of Eq. (1) is given formally by
p(u) + q(u)r(x) = f (t),
where f (t) satisﬁes f ′(t) = G( f (t)).
As a special case, if H(x,u) = pu(u) − p(u)r(x), then the corresponding exact solution of Eq. (1) is given by
p(u) = er(x)u
( ∫
f (t)e−r(x)u du + g(x, t)
)
or
p(u) = − f (t)
r(x)
+ g(x, t)er(x)u,
where f (t) satisﬁes f ′(t) = G( f (t)), and g(x, t) is to be determined.
In this case, we have
Aprxx + Q prx + P (puu − pur) + 2Appu + Au p
2
puu − pur r
2
x −
Ap2(puuu − puur)
(puu − pur)2 r
2
x = G(pu − pr).
Example 4. p = u2, q = u, r = 2x, A = u2, Q = 12u + x− 12u3 − 2x2u − 2xu2, P = − 3u
4+4xu3
(u+x)3 . The exact solution of Eq. (1) is
given by
u(x, t) = −x±
√
x2 + 1
1− c0et ,
where c0 is an arbitrary constant.
Next, we consider a special example. That is, the nonlinear diffusion equation with the source term
ut =
(
D(u)ux
)
x + B(x)P (u), Bx = 0, (14)
which has a wide range of physical applications such as in microwave heating, in the theory of chemical reactions, in
mathematical biology and in soil science. In [34], the authors studied generalized functional separation of variables to
Eq. (14) in terms of the extended group foliation method.
Suppose Eq. (14) is invariant with respect to the set Ω , Eq. (14) can be rewritten by
f ′(t) = −DHxx + BP Hu + 2DHxHxu + DuH
2
x
Hu
− DH
2
x Huu
H2u
.
Differentiating the above expression with respect to x leads to a PDE concerning D , P , B and H , and it is diﬃcult to solve.
We consider several special cases of H(x,u):
Case 1. H(x,u) = p(u) + q(x).
Let H(x,u) = p(u) + q(x), where pu = 0 and q are arbitrary smooth functions. We have
−Dqxx +
(
Du
pu
− Dpuu
p2u
)
q2x + BPpu = G0(p + q),
where and thereafter G0 denotes some smooth function.
In this case, we obtain exact solutions of Eq. (14) given by
p(u) = f (t) − q(x),
where f (t) satisﬁes f ′(t) = G0( f (t)).
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In this case, we have
H(x,u) = p(u)q(x),
where puq = 0 are arbitrary smooth functions. Further, we get
−Dpqxx + BqPpu +
(
2Dp + p
2Du
pu
− Dp
2puu
p2u
)
q2x
q
= G0(pq).
The corresponding exact solution of Eq. (14) is given by
p(u) = f (t)
q(x)
,
where f (t) satisﬁes f ′(t) = G0( f (t)).
Case 3. H(x,u) = p(u)q(x) + r(x).
Let H(x,u) = p(u)q(x)+ r(x), where p, q and r are arbitrary smooth functions of the indicated arguments with constraint
puq = 0. In this case, Eq. (14) can be rewritten by
f ′(t) = M(x,u) = −Dpqxx − Drxx + BqPpu + 2D(pqx + rx)qx
q
+ Du(pqx + rx)
2
puq
− D(pqx + rx)
2puu
p2uq
.
It is easy to verify that
M(x,u) = G0
(
p(u)q(x) + r(x)).
The exact solution of Eq. (14) is given by
p(u) = f (t) − r(x)
q(x)
,
where f (t) satisﬁes f ′(t) = G0( f (t)).
Case 4. H(x,u) = p(u) + q(u)r(x).
Let H(x,u) = p(u)+q(u)r(x), where p, q and r are arbitrary smooth functions of the indicated arguments with constraint
pu + qur = 0. We have
M(x,u) = −Dqrxx + BP (pu + qur) + 2Dqqu + Duq
2
pu + qur r
2
x −
Dq2(puu + quur)
(pu + qur)2 r
2
x ,
and
M(x,u) = G0
(
p(u) + q(u)r(x)).
The corresponding exact solution of Eq. (14) is given implicitly by
p(u) + q(u)r(x) = f (t),
where f (t) satisﬁes f ′(t) = G0( f (t)).
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Dprxx + BP (puu − pur) + 2Dppu + Dup
2
puu − pur r
2
x −
Dp2(puuu − puur)
(puu − pur)2 r
2
x = G0(pu − pr).
The corresponding exact solution of Eq. (14) is given implicitly by
p(u) = er(x)u
( ∫
f (t)e−r(x)u du + g(x, t)
)
or
p(u) = − f (t)
r(x)
+ g(x, t)er(x)u,
where f (t) satisﬁes f ′(t) = G0( f (t)) and g(x, t) is to be determined.
3. Invariance of Eq. (1) in the set Ξ
In the set Ξ = {u ∈ C∞ | uxx = K (x,u)}, the expression of ux is not presented. Without loss of generality, we suppose
that
ux = H(x,u), (15)
where H(x,u) is a smooth function determined from K . Of course, we have the following formulas
ux = H(x,u),
uxx = Hx + HHu ≡ K (x,u). (16)
Now we suppose that Eq. (1) is invariant with respect to the set Ξ , and substituting (16) into Eq. (1), we obtain
ut = AK + AuH2 + HQ + P . (17)
Differentiating (17) with respect to x yields
utx = AuuH3 + 3AuHK + AHKu + HPu + H2Qu + AKx + Px + HQx + K Q . (18)
Differentiating ux = H(x,u) with respect to t , and substituting Eq. (1) into it and collecting (18), we have
AuuH
3 + 3AuHK + AHKu + HPu + H2Qu + AKx + Px + HQx
+ K Q − AuHuH2 − AK Hu − Q HHu − P Hu = 0 (Hu = 0), (19)
where Hx + HHu ≡ K , or
AuuH
3 + 3AuHK + HPu + H2Qu + AKx + Px + HQx + K Q = 0 (Hu = 0), (20)
where Hx ≡ K , Ku = 0.
Note that (19) is a PDE in terms of A, Q , P , H , K and their derivative, and it is diﬃcult to solve. For convenience, we only
concern ourselves with the simple forms of H(x,u) so that the expression of the solution to Eq. (1) can be given explicitly
and the constraint condition to A(u), Q (x,u) and P (x,u) can be determined. Now we pay attention to the following several
special cases of K (x,u). For convenience, we consider several special cases of H(x,u) with Hx + HHu = K .
Case 1. H(x,u) = p(u)q(x).
In this case, K (x,u) = pqx + pu pq2, where p = 0 and q are arbitrary smooth functions. Integrating the equation ux =
p(u)q(x) with respect to x yields
u∫
1
p(z)
dz =
∫
q(x)dx+ g(t), (21)
where g(t) is to be determined.
Differentiating (21) with respect to t and collecting Eq. (1), we have
g′(t) = Aqx + Apuq2 + Au pq2 + Q q + P . (22)
p
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Aqxx + Auu p2q3 + Apuu pq3 + 3Auqxpq + 2Au pu pq3 + 2Apuqxq
+ Q qx + qQ x + Puq + Qupq2 + 1
p
(Px − pu Pq) = 0. (23)
Solving (23) leads to
Aqx + Apuq2 + Au pq2 + Q q + P
p
= G
( u∫
1
p(z)
dz −
∫
q(x)dx
)
and
g′(t) = G(g(t)). (24)
In this case, the exact solution of Eq. (1) is given by (21) with g(t) satisfying (24).
Example 5. p = 1, q = 2x, A = um , P = G(u − x2) − 2um − 4x3um , Q = 2x2um − 2mxum−1. The exact solution of Eq. (1) is
given by
u(x, t) = x2 + g(t),
where g(t) satisﬁes g′(t) = G(g(t)).
Case 2. H(x,u) = u + q(x).
Let H(x,u) = u+q(x), where q is an arbitrary smooth function, then K (x,u) = u+qx +q. The integration to the equation
ux = u + q(x) with respect to x yields
u(x, t) = ex
∫
q(x)e−x dx+ exg(t), (25)
where g(t) is to be determined.
Substituting (25) into Eq. (1), we obtain
g′(t) = [Aqx + (u + q)2Au + (u + q)(A + Q ) + P]e−x. (26)
Finally, it follows from (25) and (26) that
Aqx + (u + q)2Au + (u + q)(A + Q ) + P = exG
(
e−xu −
∫
q(x)e−x dx
)
and
g′(t) = G(g(t)). (27)
The corresponding exact solution of Eq. (1) is given by (25) with g(t) satisfying (27).
Case 3. H(x,u) = p(u)pu(u) +
q(x)
pu(u)
.
Let H(x,u) = p(u)pu(u) +
q(x)
pu(u)
, where pu = 0 and q are arbitrary smooth functions, then
K (x,u) = qx + q + p
pu
− puu
p3u
(p + q)2.
The reduction of ux = 1pu (p + q) yields
p(u) = ex
∫
q(x)e−x dx+ exg(t), (28)
where g(t) is to be determined.
It follows from (28) that puut = exg′(t), and considering Eq. (1), we get
g′(t) = [Aqx + Ppu + (A + Q )(p + q) + (A/pu)u(p + q)2]e−x.
Further,
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(
e−xp(u) −
∫
q(x)e−x dx
)
,
and
g′(t) = G(g(t)). (29)
The exact solution of Eq. (1) is given by (28) with g(t) satisfying (29).
Example 6. q = x, p = u2, A = 2u3, P = 12 x2u − xu2 − u4, Q = 1u2+x [e−x(u2 + x+ 1)2 − 2u(u2 + x)2 − x2u2 − 2u3]. The exact
solution of Eq. (1) is given by
u2 = −x− 1+ e
x
t0 − t ,
where t0 is an arbitrary constant.
Remark. It is easy to see that Case 2 is a special one of Case 3 for p(u) = u.
Case 4. H(x,u) = p(u) + q(u)r(x).
Let H(x,u) = p(u) + q(u)r(x), where p, q and r are arbitrary smooth functions of the indicated arguments, then
K (x,u) = (p + qr)pu + r(p + qr)qu + qrx.
Eq. (1) can be rewritten by
ut = (Apu + Arqu + Q )(p + qr) + Au(p + qr)2 + Aqrx + P .
The corresponding exact solution of Eq. (1) is determined by the differential restriction
ux = p(u) + q(u)r(x).
If p(u) = c1e
∫ u qs(s)−k
q(s) ds , where c1k = 0 are two arbitrary constants. The exact solution of Eq. (1) is written by
q(u)
p(u)
= ek
∫
r(x)dx
[
k
∫
e−k
∫
r(x)dx dx+ g(t)
]
,
where g(t) is to be determined.
Moreover, we achieve that
k
p
[
(Apu + Arqu + Q )(p + qr) + Au(p + qr)2 + Aqrx + P
]= ek ∫ r(x)dxG(ξ)
and
g′(t) = G(g(t)),
where ξ = qp e−k
∫
r(x)dx − k ∫ e−k ∫ r(x)dx dx.
If p(u) = kq(u), where k = 0 is an arbitrary constant. The corresponding exact solution of Eq. (1) is given by
u∫
1
q(s)
ds =
x∫ (
k + r(y))dy + g(t),
where g(t) is to be determined. It follows from Eq. (1) that
g′(t) = (kAqu + Arqu + Q )(k + r) + Auq(k + r)2 + Arx + P
q
.
It is easy to see
(kAqu + Arqu + Q )(k + r) + Auq(k + r)2 + Arx + P
q
= G
( u∫
1
q(s)
ds −
x∫ (
k + r(y))dy)
and
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If q(u) = c0e
∫ u ps(s)−k
p(s) ds , where c0k = 0 are two arbitrary constants. The corresponding exact solution of Eq. (1) is given
by
p(u)
q(u)
= ekx
[
k
∫
r(x)e−kx dx+ g(t)
]
,
where g(t) is to be determined. We also achieve
(Apu + Arqu + Q )(p + qr) + Au(p + qr)2 + Aqrx + P = q
k
ekxG(ξ)
and g′(t) = G(g(t)), where ξ = pq e−kx − k
∫
r(x)e−kx dx.
Example 7. q = u2 + u, p = (u + 1)2, r(x) = 2x−1, A = u + 1, Q = −2x−1(u + 1)(2u + 1),
P = x2(u + 1)2G(ξ) − 2(u + 2x−1u + 1)(u + 1)3 + 2x−2u(u + 1)2 − (u + 2x−1u + 1)2(u + 1)2,
where ξ = uu+1 x−2 + x−1. The corresponding exact solution of Eq. (1) is given by
u
u + 1 = x
2g(t) − x,
where g(t) satisﬁes g′(t) = G(g(t)).
Case 5. H(x,u) = p(u)q(x) + r(x).
Let H(x,u) = p(u)q(x) + r(x), where p, r and q are arbitrary smooth functions of the indicated argument, then
K (x,u) = ppuq2 + puqr + pqx + rx.
Eq. (1) is changed into
ut = Appuq2 + Apuqr + Apqx + Arx + Au(pq + r)2 + Q (pq + r) + P .
The exact solution of Eq. (1) is deﬁned by the differential restriction
ux = p(u)q(x) + r(x).
If p(u) = u, the corresponding exact solution of Eq. (1) is given by
u(x, t) = e
∫
q(x)dx
[ ∫
r(x)e−
∫
q(x)dx dx+ g(t)
]
,
where g(t) is to be determined. It follows that
uAqx + Arx + uAq2 + Aqr + Au(uq + r)2 + Q (uq + r) + P = e
∫
q(x)dxG(ξ)
and g′(t) = G(g(t)), where ξ = ue−
∫
q(x)dx − ∫ r(x)e− ∫ q(x)dx dx.
If p(u) = c0e−u , where c0 = 0 is an arbitrary constant. The exact solution of Eq. (1) is given by
eu(x,t) = e
∫
r(x)dx
[
c0
∫
q(x)e−
∫
r(x)dx dx+ g(t)
]
,
where g(t) is to be determined. Moreover, we deduce
A
(
c0e
−uqx + rx − c20e−2uq2 − c0e−uqr
)+ Au(c0e−uq + r)2 + Q (c0e−uq + r)+ P = e−ue∫ r(x)dxG(ξ)
and g′(t) = G(g(t)), where ξ = e−
∫
r(x)dxeu − c0
∫
q(x)e−
∫
r(x)dx dx.
Example 8. p = e−2u , q = x, r = 2x−1, A = u2, P = 2x2u2e−4u + 2x−2u2 + 3u2e−2u , Q = e−2ux4
2e−2ux+4x−1 G(e
2ux−4 + x−2) −
2xue−2u − 4x−1u. The corresponding exact solution of Eq. (1) is given by
e2u = x4g(t) − x2,
where g(t) satisﬁes g′(t) = G(g(t)).
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respect to x gives
u(x, t) =
∫
q(x)dx+ g(t), (30)
where g(t) is to be determined. It follows from Eqs. (1) and (30) that
g′(t) = Auq2 + Aqx + Q q + P . (31)
Differentiating (31) with respect to x, we have
Auuq
3 + 3Auqxq + Aqxx + Q qx + Px + qQ x + qPu + q2Qu = 0.
Solving it we obtain
Auq
2 + Aqx + Q q + P = G
(
u −
∫
q(x)dx
)
,
and
g′(t) = G(g(t)). (32)
The corresponding exact solution of Eq. (1) is given by (30) with g(t) satisfying (32).
Next we consider Eq. (1) when H depends on t . In this case, there are two functions of one variable t to be deter-
mined.
Let H = q(x) + T (t), where q(x) is an arbitrary smooth function, and T (t) is to be determined. We have K = qx . The
integration to the equation ux = q(x) + T (t) with respect to x leads to
u(x, t) =
∫
q(x)dx+ xT (t) + g(t),
where g(t) is to be determined. Combining the ansatz above and Eq. (1) we gain
xT ′(t) + g′(t) = Aqx + Au(q + T )2 + Q (q + T ) + P .
Differentiating it with respect to x, we have
T ′(t) = Aqxx + Q qx + Px + (3Auqx + Qx + Pu)(q + T ) + Qu(q + T )2 + Auu(q + T )3.
Consider that the left-hand side of the above equation does not depend on x, differentiating it with respect to x, we receive
Auuu = 0, Quu = 0,
4Auqxx + Qxx + 2Pxu + 3Quqx = 0,
6Auuqx + 2Qxu + Puu = 0,
Aqxxx + 3Auq2x + Q qxx + Pxx + 2Qxqx + Puqx = 0.
This is a system of ﬁve partial differential equations involving in four unknown functions at most to third-order derivative,
and it is diﬃcult to solve. Therefore, we consider a special case for q(x) = x2.
If H = x2 + T (t), where T (t) is some smooth function to be determined, then K = 2x. The integration of ux = x2 + T (t)
with respect to x gives
u(x, t) = 1
3
x3 + xT (t) + g(t), (33)
where g(t) is to be determined.
Substituting (33) into Eq. (1) we have
xT ′(t) + g′(t) = x4Au + 2xA + x2Q + P +
(
2x2Au + Q
)
T + AuT 2. (34)
Differentiating it with respect to x, we have
T ′(t) = x6Auu + 6x3Au + x2Qx + Px + x2Pu + x4Qu + 2xQ + 2A
+ (3x4Auu + 6xAu + Pu + Qx + 2x2Qu)T + (3x2Auu + Qu)T 2 + AuuT 3.
Differentiating (34) twice with respect to x yields
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4
cu2 + c3u + c4,
Q (x,u) = −
(
4cu − 1
3
cx3 + d + 2c3
)
x2 −
(
bu − 1
3
bx3 + c0
)
x+ a
(
u − 1
3
x3
)
+ c1,
P (x,u) = 1
2
c
(
u − 1
3
x3
)2
x+ b
(
u − 1
3
x3
)2
+
(
5
2
cu − 1
3
cx3 + d + c3
)
x4 + b
(
u − 1
3
x3
)
x3 − a
(
u − 1
3
x3
)
x2
+ d
(
u − 1
3
x3
)
x+ c0
(
u − 1
3
x3
)
− 3
2
cxu2 − 2c3xu + c0x3 − c1x2 + ex− 2c4x+ c2. (35)
Moreover, we obtain
T ′(t) = 3
2
cT 3 + aT 2 + bgT + 1
2
cg2 + dg + e,
g′(t) = bg2 + c0g + agT + 3
2
cgT 2 + c3T 2 + c1T + c2, (36)
where a, b, c, d, e and ci (i = 0,1, . . . ,4) are arbitrary constants.
In this case, the corresponding exact solution of Eq. (1) is given by (33) with T (t) and g(t) satisfying (36).
Let H = ku + e−kxT (t), where k = 0 is an arbitrary constant, and T (t) is to be determined. We have K = k2u. The
integration to the equation ux = ku + e−kxT (t) with respect to x yields
u(x, t) = − 1
2k
e−kxT (t) + ekxg(t),
where g(t) is to be determined.
Substituting the ansatz above into Eq. (1), we have
− 1
2k
e−kxT ′(t) + ekxg′(t) = k2uA + Au
(
ku + e−kxT )2 + Q (ku + e−kxT )+ P .
That is,
− 1
2k
e−2kxT ′(t) + g′(t) = k2e−kxuA + Au
(
ku + e−kxT )2e−kx + e−kxQ (ku + e−kxT )+ e−kx P .
Differentiating it with respect to x, we have
T ′(t) = ekx Auu
(
ku + e−kxT )3 + ekx(kAu + Qu)(ku + e−kxT )2 + ekx(k2uAu + Qx + Pu + k2A)(ku + e−kxT )
− k3ekxuA − kekx P + ekx Px −
(
2k2uAu + kQ
)
T − 2ke−kx AuT 2.
Notice that the left-hand side of the above equation does not depend on x, differentiating it with respect to x, we receive
A(u) = c1 + c2u2,
Q (x,u) = c3 + c4e2kx + c5e−2kx + c6uekx + c7ue−kx,
P (x,u) = −3c2k2u3 − c4kue2kx + c5kue−2kx +
(
c7ku
2 + c9
)
e−kx − (c6ku2 − c8)ekx + c10u,
where ci (i = 1, . . . ,10) are arbitrary constants.
Further, we obtain the exact solution of Eq. (1) given by
u(x, t) = − 1
2k
e−kxT (t) + ekxg(t)
with T (t) and g(t) satisfying
T ′(t) = 4c2kT 2g + c6T 2 + 2c7kT g + c10T + c1k2T − c3kT − 4c5k2g − 2c9k,
g′(t) = 4c2kT g2 + 2c7kg2 + c6T g + c1k2g + c3kg + c10g + c4T + c8.
Next, we study some nonlinear evolution equations by using the invariant set Ξ .
We consider the following equation
ut = A(u)uxx + B(u)u2x + C(u)ux + D(u), (37)
where A, B , C and D are smooth functions.
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M(x,u) ≡ AK + BH2 + CH + D. (38)
Combining (37) and (16) we have
AKx + AuHK + H3Bu + H2Cu + HDu + AHKu + 2BHK + CK − AK Hu − BH2Hu − CHHu − DHu = 0.
If H = p(u), where p = 0 is an arbitrary smooth function, then K = ppu . Integrating ux = p(u) with respect to x yields
u∫
1
p(z)
dz = x+ g(t),
where g(t) is to be determined.
Therefore, Eq. (37) is equivalent to
g′(t) = Apu + Bp + C + p−1D.
Since its left-hand side does not depend on x, differentiating it with respect to x, we get
Apu + Bp + C + p−1D = c
and g′(t) = c, where c is an arbitrary constant.
If H(x,u) = x−1p(u), where p = 0 is an arbitrary smooth function, then K = x−2p(pu − 1). The integration to ux =
x−1p(u) with respect to x yields
u∫
1
p(z)
dz = ln |x| + g(t), (39)
where g(t) is to be determined.
Substituting (39) into Eq. (37) gives
g′(t) = (Apu − A + Bp)x−2 + Cx−1 + p−1D. (40)
Note that the left-hand side of (40) does not depend on x, differentiating it with respect to x and solving it, we have
Apu − A + Bp = ae2
∫ u 1
p(z) dz, C = be
∫ u 1
p(z) dz, D = cp,
and
g′(t) = ae2g(t) + beg(t) + c, (41)
where a, b, c are arbitrary constants.
So we obtain the corresponding exact solution of Eq. (37) given by (39) with g(t) satisfying (41).
If H(x,u) = xp(u), where p = 0 is an arbitrary smooth function, then K = x2ppu + p. The integration to ux = xp(u) with
respect to x yields
u∫
1
p(z)
dz = 1
2
x2 + g(t),
where g(t) is to be determined. Moreover, we have
Apu + Bp = c1, A + p−1D = −2c1
∫
1
p(u)
du + c2, C = 0
and g′(t) = −2c1g(t) + c2, where c1, c2 are arbitrary constants.
If H = ex , then K = ex . The corresponding exact solution of Eq. (37) is given by
u(x, t) = ex + g(t),
where g(t) is to be determined. Further, we obtain
A + C = −2au − b, D = au2 + bu + c, B = a,
and g′(t) = ag2(t) + bg(t) + c, where a, b, c are arbitrary constants.
Of course, if H = x + T (t), where T (t) is some smooth function to be determined, then K = 1. The corresponding exact
solution of Eq. (37) is given by
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2
x2 + xT (t) + g(t), (42)
where g(t) is to be determined.
Finally, we obtain
A + D = −2c2u + c3, B = c2, C = c1,
and
T ′(t) = c1, g′(t) = −2c2g(t) + c1T (t) + c2T 2(t) + c3,
where c1, c2, c3 are arbitrary constants.
If ux = T (t), where T (t) is some smooth function to be determined, then K = 0. The integration to the equation ux = T (t)
with respect to x yields
u(x, t) = xT (t) + g(t),
where g(t) is to be determined. At last, we obtain
B = bu + c0, C = cu + c1, D = du + c2, A is an arbitrary smooth function,
and
T ′(t) = bT 3(t) + cT 2(t) + dT (t),
g′(t) = bg(t)T 2(t) + c0T 2(t) + cg(t)T (t) + c1T (t) + dg(t) + c2,
where b, c, d, c0, c1, c2 are arbitrary constants.
Let H = ku + e−kxT (t), where k = 0 is an arbitrary constant, and T (t) is to be determined. We have K = k2u. The
integration to the equation ux = ku + e−kxT (t) with respect to x yields
u(x, t) = − 1
2k
e−kxT (t) + ekxg(t),
where g(t) is to be determined.
Substituting the ansatz above into Eq. (37), we have
− 1
2k
e−kxT ′(t) + ekxg′(t) = k2uA + B(ku + e−kxT )2 + C(ku + e−kxT )+ D,
that is
− 1
2k
e−2kxT ′(t) + g′(t) = k2e−kxuA + e−kxB(ku + e−kxT )2 + e−kxC(ku + e−kxT )+ e−kxD.
Differentiating the equation above twice with respect to x, we achieve
B(u) = c3u, C = c2, D(u) = −
(
c3k
2u2 + k2A − c1
)
u, A(u) is an arbitrary smooth function,
where c1, c2, c3 are arbitrary constants.
The corresponding exact solution of Eq. (37) is given by
u(x, t) = − 1
2k
e−kxT (t) + ekxg(t),
where T (t) and g(t) satisfy
T ′(t) = 2c3kT 2(t)g(t) − c2kT (t) + c1T (t),
g′(t) = 2c3kg2(t)T (t) + c2kg(t) + c1g(t).
We now consider the quasilinear diffusion equation
ut = A(u)u2xuxx + B(u)u4x + D(u), (43)
where A, B and D are smooth functions of u.
Substituting (16) into Eq. (43), the right-hand side of Eq. (43) becomes
M(x,u) ≡ AH2K + BH4 + D.
Combining (43) and (16) we have
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If H(x,u) = x−1p(u), where p = 0 is an arbitrary smooth function, then K (x,u) = x−2p(pu −1). Integrating ux = x−1p(u)
with respect to x yields
u∫
1
p(z)
dz = ln |x| + g(t), (44)
where g(t) is to be determined. It follows from Eqs. (43) and (44)
Ap2pu − Ap2 + Bp3 = be4
∫ u 1
p(z) dz, D = cp,
and g′(t) = be4g(t) + c, where b, c are arbitrary constants.
If H(x,u) = xp(u), where p = 0 is an arbitrary smooth function, then K (x,u) = x2ppu + p. The corresponding exact
solution of Eq. (43) is given by
u∫
1
p(z)
dz = 1
2
x2 + g(t),
where g(t) is to be determined. Further, we have
Ap2pu + Bp3 = c1, Ap2 = −4c1
∫
1
p(u)
du + c2,
p−1D = 4c1
( ∫
1
p(u)
du
)2
− 2c2
∫
1
p(u)
du + c3,
and g′(t) = 4c1g2(t) − 2c2g(t) + c3, where c1, c2, c3 are arbitrary constants.
If H = p(u), where p = 0 is an arbitrary smooth function, then K = pu p. In this case, the exact solution of Eq. (43) is
given by
u∫
1
p(z)
dz = x+ g(t),
where g(t) is to be determined. Further, we obtain
Ap2pu + Bp3 + p−1D = c and g(t) = ct + c0,
where c and c0 are arbitrary constants.
If H = T (t), where T (t) is to be determined, then K = 0. In this case, the exact solution of Eq. (43) is given by
u(x, t) = xT (t) + g(t),
where g(t) is to be determined. Substituting it into Eq. (43) leads to
B = bu + c, D = au + d, A is an arbitrary smooth function,
and
T ′(t) = bT 5(t) + aT (t),
g′(t) = bg(t)T 4(t) + cT 4(t) + ag(t) + d,
where a, b, c, d are arbitrary constants.
Let H = ku + e−kxT (t), where k = 0 is an arbitrary constant, and T (t) is to be determined. We have K = k2u. The
integration to the equation ux = ku + e−kxT (t) with respect to x yields
u(x, t) = − 1
2k
e−kxT (t) + ekxg(t),
where g(t) is to be determined.
It is easy to notice that
− 1
2k
e−kxT ′(t) + ekxg′(t) = k2uA(ku + e−kxT )2 + B(ku + e−kxT )4 + D.
We discover that
B(u) = c3u, A(u) = −2c3u2 + c2, D(u) =
(
c3k
4u4 − c2k4u2 + c1
)
u,
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T ′(t) = 4c3k2T 3(t)g2(t) + 2c2k3T 2(t)g(t) + c1T (t),
g′(t) = 4c3k2g3(t)T 2(t) + 2c2k3g2(t)T (t) + c1g(t),
where c1, c2, c3 are arbitrary constants.
Lastly, we consider the KdV-type equation of the form
ut = D(u)uxxx + Q (u)uxx + P (u)u3x + R(u)ux, (45)
where D , Q , P and R are smooth functions of u.
Substituting (16) into Eq. (45), the right-hand side of Eq. (45) becomes
M(x,u) ≡ DKx + DHKu + K Q + H3P + HR. (46)
If H = p(u), where p = 0 is an arbitrary smooth function, then K = pu p. In this case, the exact solution of Eq. (45) is
given by
u∫
1
p(z)
dz = x+ g(t), (47)
where g(t) is to be determined.
Substituting (47) into Eq. (45) and reducing it, we obtain
g′(t) = Dpuu p + Dp2u + Q pu + p2P + R.
Finally, it follows that
Dpuu p + Dp2u + Q pu + p2P + R = c
and g′(t) = c, where c is an arbitrary constant.
If H = xp(u), where p = 0 is an arbitrary smooth function, then K = x2ppu + p. The exact solution of Eq. (45) is given by
u∫
1
p(z)
dz = 1
2
x2 + g(t),
where g(t) is to be determined.
We also obtain
Dppuu + Dp2u + p2P = 0, 3Dpu + R = 0,
Q pu = a, Q = −2a
∫
1
p(u)
du + b,
and
g′(t) = −2ag(t) + b,
where a, b are arbitrary constants.
If H = T (t), where T (t) is some smooth function to be determined, then K = 0. The corresponding exact solution of
Eq. (45) is given by
u(x, t) = xT (t) + g(t),
where g(t) is to be determined.
Further, we deduce that
P = au + b, R = cu + d, D(u) and Q (u) are arbitrary smooth functions,
and
T ′(t) = aT 4(t) + cT 2(t),
g′(t) = ag(t)T 3(t) + cg(t)T (t) + bT 3(t) + dT (t),
where a, b, c, d are arbitrary constants.
If H = ku+e−kxT (t), where k = 0 is an arbitrary constant, and T (t) is to be determined. We have K = k2u. The integration
to the equation ux = ku + e−kxT (t) with respect to x yields
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2k
e−kxT (t) + ekxg(t),
where g(t) is to be determined.
We obtain
R = −c3k2u2 − k2D(u) + c2, P = c3, Q = c1, D(u) is an arbitrary smooth function,
and
T ′(t) = c1k2T (t) − c2kT (t) − 2c3k2T 2(t)g(t),
g′(t) = 2c3k2g2(t)T (t) + c1k2g(t) + c2kg(t),
where c1, c2, c3 are arbitrary constants.
If H = x+ T (t), where T (t) is some smooth function to be determined, then K = 1. The corresponding exact solution of
Eq. (45) is given by
u(x, t) = 1
2
x2 + xT (t) + g(t),
where g(t) is to be determined.
Finally, we obtain
Q = c1, P = c2, R = −2c2u + c3, D(u) is an arbitrary constant
and
g′(t) = c1 − 2c2g(t)T (t) + c2T 3(t) + c3T (t),
T ′(t) = c2T 2(t) − 2c2g(t) + c3,
where c1, c2, c3 are arbitrary constants.
If H(x,u) = x−1p(u), where p = 0 is an arbitrary smooth function, then K (x,u) = x−2p(pu − 1). In this case, the exact
solution of Eq. (45) is given by
u∫
1
p(z)
dz = ln |x| + g(t),
where g(t) is to be determined.
Substituting the solution above into Eq. (45), we have
Dppuu + Dp2u − 3Dpu + 2D + p2P = c1e3
∫ u 1
p(z) dz,
(pu − 1)Q = c2e2
∫ u 1
p(z) dz, R = c3e
∫ u 1
p(z) dz,
and g′(t) = c1e3g(t) + c2e2g(t) + c3eg(t) , where c1, c2, c3 are arbitrary constants.
4. Conclusions
In this paper, we introduce the invariant set
Ω = {u(x, t) ∈ C∞ ∣∣ DxH(x,u) = 0}, Hu = 0
where H(x,u) is a smooth function to be determined. We construct exact solutions to Eq. (1) by using the invariant
set Ω .
Moreover, we describe another new invariant set Ξ = {u ∈ C∞ | uxx = K (x,u)}, where K (x,u) is a smooth function to
be determined. It is used to classify some nonlinear evolution equations and construct exact solutions. In order to ex-
press nonlinear evolution equations explicitly and conveniently, we introduce ux = H(x,u) with Hx + HHu ≡ K to reduce
nonlinear evolution equations. We also consider the special case of ux = T (t) and use it to reduce nonlinear evolution
equations.
In general, to (2+ 1)-dimensional kth-order nonlinear evolution equations with independent spatial variables x and y of
the form
ut = E(x, y,u,ux,uy, . . .),
where ut = ∂u/∂t , ux = ∂u/∂x and uy = ∂u/∂ y, we can introduce the general invariant set
S = {u(x, y, t) ∈ C∞ ∣∣ ux = H(x, y,u), uy = K (x, y,u)},
306 H.B. Jia / J. Math. Anal. Appl. 364 (2010) 289–306where H(x, y,u) and K (x, y,u) are two smooth functions of the indicated variables to be determined from the invariant
condition
u(x, y,0) ∈ S ⇒ u(x, y, t) ∈ S, t ∈ (0,1]
and the compatibility condition
Hy + K Hu = Kx + HKu .
Similarly, for (2+ 1)-dimensional nonlinear evolution equations, we can introduce the invariant set
S2 =
{
u(x, y, t) ∈ C∞ ∣∣ uxx = H(x, y,u), uyy = K (x, y,u)},
where H and K are some smooth functions of x, y and u to be determined from the invariant condition
u(x, y,0) ∈ S2 ⇒ u(x, y, t) ∈ S2, t ∈ (0,1].
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